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Abstract

Proximal Policy Optimization (PPO) is the standard policy-gradient algorithm
for on-policy reinforcement learning. The literature presents it in two forms, a
clipped surrogate that bounds the importance ratio between successive policies and
a Kullback-Leibler penalty between them. These forms are treated as separate
algorithms with their own gradients, their own hyperparameters, and their own
reference implementations, and a sizeable body of empirical work compares them.
We show that the gradient of the clipped surrogate is reproduced exactly by a
Kullback—Leibler surrogate whose coefficient varies per sample, with closed-form
dependence on the importance ratio and the advantage. The identity holds at every
minibatch step and across the entire inner loop, and on five MuJoCo continuous-
control benchmarks the two losses produce indistinguishable training curves. The
reformulation exposes a structural feature of the clipped surrogate that the min
notation hides. PPO-Clip’s implicit per-sample penalty is a step function at the
boundary of the trust region, and the shape of this coefficient is the natural design
axis for generalising the algorithm. We sketch the resulting follow-up directions in
the discussion.

1 Introduction

Proximal Policy Optimization [[15] is the default policy-gradient algorithm for on-policy reinforcement
learning. The method approximates the trust-region step of TRPO [9, [13] by maximising a surrogate
objective that keeps the new policy close to the rollout policy. The original work proposes two
surrogates. The first clips the importance ratio between the new and old policies inside a fixed band.
The second adds an adaptive Kullback—Leibler penalty between them. Schulman et al. [15]] report
that the clipped variant outperforms the penalty variant on MuJoCo continuous-control benchmarks
and recommend it as the default. The community has followed the recommendation. PPO-Clip is
the de facto choice in modern open-source implementations [7,12], and the clipped surrogate is the
building block of token-level extensions such as GRPO [16] that underpin recent reasoning models

[2]].

Subsequent empirical work has scrutinised PPO from many angles. Engstrom et al. [4]] show that
“code-level” optimisations explain most of PPO’s gain over TRPO and that the clip mechanism itself
is not load-bearing for performance. Ilyas et al. [8] demonstrate that auxiliary optimisations, rather
than the clip term, are what actually maintain the trust region. Andrychowicz et al. [1]] train over
2.5 x 10° agents to compare design choices and recommend PPO-Clip among five policy losses,
though they do not run a standalone PPO-KL variant. Hsu et al. [6] report that KL-regularised PPO
matches or outperforms the clipped variant outside MuJoCo with Gaussian policies, and Sun et al.
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[17] argue that ratio clipping is not necessary in PPO at all. Across this body of work the clip and KL
forms are treated as alternative algorithmic choices to be compared empirically.

‘We show that this treatment misunderstands the relationship between the two surrogates. The per-
sample gradient of PPO-Clip is reproduced exactly by a Kullback—Leibler surrogate whose coefficient
varies per sample, with closed-form dependence on the importance ratio and the advantage. The
identity holds at every minibatch step and across the entire inner loop. On HalfCheetah, Hopper,
Walker2d, Ant, and Humanoid [20] the two losses produce indistinguishable training curves. Where
the original PPO paper notes that L°M* and the unclipped surrogate agree to first order around 6,14
[L5], we strengthen the statement to a per-sample identity that holds at every parameter configuration.
Recent work has analysed gradient-level relationships between different KL formulations [10] and
proposed unified clip-plus-KL design frameworks [24], but to our knowledge no prior work establishes
the per-sample equivalence between PPO-Clip and PPO-KL itself.

Making the implicit coefficient explicit clarifies the position of PPO-Clip in the policy-optimisation
landscape. The clipped surrogate is a per-sample KL penalty whose coefficient is a step function on
the trust-region boundary, and the shape of this coefficient is the natural design axis for generalising
the algorithm. Soft relaxations of the step, asymmetric and position-conditioned penalties, and
off-policy extensions all fit inside the same template; we sketch these directions in Section 6}

The paper is organised as follows. Section[2|reviews PPO-Clip, PPO-KL, and the existing comparisons
between them. Section [3] states and proves the per-sample gradient identity. Section [] validates
the identity empirically on five MuJoCo continuous-control benchmarks. Section [6]surveys natural
extensions of the framework. Section 3 concludes.

2 Background

We adopt the standard on-policy actor-critic setting [[18] [19]. A behaviour policy 7y collects a
rollout of N trajectories of horizon H in a Markov decision process. For each sample (7,t) the
rollout records a state s\, an action a.”, a reward r\”), and an advantage estimate A" produced
by generalized advantage estimation [[14]. An update step lifts the rollout policy 7y to a new policy
mgr by repeated stochastic gradient steps on a surrogate objective [9, [13]; the importance ratio
w = 7o (al? | s /e (al? | s{V) tracks how much 7o has moved away from o on the sampled
actions. The two surrogate objectives we study are the proximal-policy [15] pair: PPO-Clip and
PPO-KL.

2.1 The surrogate objective

Let my denote the policy parameterised by 6. PPO collects a rollout under the behaviour policy 7y
and updates the parameters to 6’ by repeated stochastic gradient steps on a surrogate objective. The
starting point is the importance sampled return [9} [13]], written for a batch of N episodes of horizon
H as
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where flgi) is an estimator of the advantage at the transition (sgi), (e )) Direct optimisation of Lig is

unstable because the importance ratios wt(i) can become large when 6’ drifts away from 6. Schulman

et al. [[13]] address the instability by constraining the KL divergence between my, and my. Schulman
et al. [15]] replace the constrained optimisation by one of two penalised first-order surrogates.

2.2 PPO-Clip

The clipped surrogate of Schulman et al. [[15] is

Lepp(0') = NZme{ ()A(), chp(wt ,lfe,lJre) AE“}, )

i=1t=1
with € € (0, 1) a fixed hyperparameter (typically ¢ = 0.2). The min acts as a one-sided trust region.
When A( RIBS 0, increasing wg 2 beyond 1 + € no longer increases the loss; when A( )< 0, decreasing



wt(i) below 1 — e no longer increases the loss. This prevents the optimiser from exploiting large
positive surrogate values that would correspond to large policy changes.

2.3 PPO-KL

The KL-penalised surrogate of Schulman et al. [[15] adds an explicit divergence term,
Lxr(0') = Lis(0') — B Dyl | 7],

where Dy, is an empirical KL estimate and 3 > 0 is a scalar coefficient that is held fixed or adapted
at the end of each outer update to keep the empirical KL near a target [S|[15]. In the fixed-3 form, 3
is shared across samples and across training. In the adaptive form, (8 is multiplied or divided by a
constant whenever the empirical KL exceeds or falls below the target.

In both forms, 3 is a single scalar applied uniformly to all samples in the batch. The comparison of
clipping against scalar-KL penalisation has been studied extensively [1, 4} 16} I8 [15,17]. The two
surrogates are taken throughout this literature as algorithmically distinct; the gradient identity we
establish in Section [3|shows that, at the per-sample level, they are not.

3 The per-sample KL view of PPO-Clip

3.1 Partition of the rollout

The gradient of Lcrp depends on which of the two arguments of the inner min is active for each

sample. Fix 6’ and define the importance ratio wt(i) as in Section [2| The pairs (4, ¢) partition into

three disjoint index sets,
T = {(i,t) : w e[1—¢, 146} U {(i,t) : A =0},
Ty = {(z}t) : wgi) >1 +eandfl§i) > 0} U {(i,t) : wt(i) <1—e€and Aﬁ” < 0},
Tpass = {(i 1) : w >1+eand AV < 0} U {G,¢t) : w <1—cand AV > 0}.

Intuitively, Z;,, contains the samples for which the clip is inactive (together with the zero-advantage
samples, which contribute no gradient to either surrogate), Zy;; the samples for which the clip
suppresses the gradient because the policy is already moving in the advantage-improving direction,
and 7, the samples for which the clip leaves the unclipped term active because the policy is moving
against the advantage.

3.2 Gradient of PPO-Clip

The gradient of a sum is the sum of gradients, and the gradient of the inner min on each sample
depends on which of its two arguments is active.

Case Z;,: when wgi) € [1 —e¢, 1+ €], the clipping operator leaves wgi) unchanged, so clip(wti), 1-—

6,1+¢€) = wgi) and both arguments of the min coincide:

min{wt(i)/lgi), clip(w,gi)7 1—¢ 1+ e)flgi)} = wgi)flgi).
Its gradient is AS) Vglwgi).
Case Zy;;:  consider first the subcase wf@ >1+eand fl,(f) > 0. The clipped value clip(wgi)7 1-—

€, 1 + €) saturates at 1 + ¢, so the clipped term equals (1 + e)A,E“, while the unclipped term equals

wgi)flii). Because AEO > 0 and wt(i) > 1 + ¢, the clipped term is the smaller of the two and the
min selects it. The clipped value is constant in ¢, so its gradient vanishes. The symmetric subcase

wt(i) <1l—e€and Aﬁ” < 01is analogous: the clipped term saturates at (1 — e)AE"), which is smaller

(more negative) than the unclipped term wt(i)flgi), and the gradient vanishes again. In both subcases
the per-sample gradient is zero.



Case Z,,,ss:  consider the subcase wgi) > 1+ eand Ai” < 0. The clipped term equals (1 + e)flgi)

and the unclipped term equals wy)fli?) Because A,E“ < 0and wti)
more negative and the min selects it. The symmetric subcase wt(z) <l—eand AEZ) > 0 is analogous.

In both subcases the active term is the unclipped wgi)flgi) and its gradient is Af) Vgxwti).

> 1+ €, the unclipped term is

Combining the three cases,
1 A i
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where samples in Zyy contribute zero. To make the dependence on the policy explicit, observe that
mo(al” | 57 does not depend on ¢, so
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Table [T] summarises the per-sample gradient contribution on each index set.
Index set Condition Active term in min Gradient
T w,@ € [1—¢, 1+4¢] wt(i)fiii> (both equal) Ail) ngwii)
or
AP =0
Tin 'w,@ > 1+te, AS) >0 clipped term (constant) 0 (killed)
or .
w < 1-¢, AV <0
Tpass wgi) > 1+e, Aiw <0 unclipped term wﬁ”Ai” Ail) ngwgi)

or »
w,gz) < l—e, A£1)>O

Table 1: Per-sample contribution of the PPO-Clip objective on the three index sets. The gradient is
killed only on Zy;;;, where further policy change would push the importance ratio further outside the
trust region.

3.3 Gradient of PPO-KL

The empirical KL estimate D[ || o] of Sectioncan be written, up to a §’-independent additive
constant that drops out of the gradient, as a sum of negative log-probabilities of the sampled actions
under the new policy. After absorbing the constant and allowing the penalty coefficient to vary per
sample, the surrogate becomes

N H
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Th¢ standard fixed and adaptive PPO-KL variants of Schulman et al. [[15] correspond to the choice
gl) = 3, with S either fixed or updated between outer iterations.

For the importance-sampled return term,
) Voo <a§z) ‘ 82(52))
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using the same calculation as in the PPO-Clip derivation. For the penalty term, the coefficient

t(i) is a stop-gradient (detached) coefficient: it is evaluated at the current ¢’ and held fixed when
differentiating, as is standard for the penalty coefficient of a KL-penalised policy gradient and as the
implementation does. Its derivative in 6’ vanishes by convention, so

) Vg me (aﬁi) | s,(f))
To (aii) \ sgi))

Multiplying numerator and denominator of the right-hand side by 7y (agi) | sgi)) converts the rollout-
policy denominator to the same form as the importance-sampled term,
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Summing the two contributions and factoring the common V¢ g/ (a,(f) | s,@) /7o (af) | sti)),
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Every sample contributes to the gradient. The penalty does not zero out any term; it shifts the effective
advantage of sample (4, ¢) from Aﬁ” to Aﬁ” + ﬁt(z)/w,gl).

3.4 Gradient identity

Comparison of (Z)) and (@) yields the main result.
Theorem 1 (Per-sample gradient identity). Let Lorip be the PPO-Clip surrogate of Schulman et al.
[15] and let L1, be the PPO-KL surrogate with per-sample stop-gradient coefficients {@@}’ each
evaluated at the current 0" and held fixed under differentiation. Define
07 (Z7t) € Iin U Ipa557 (4)
— wt(l) A,(:l), (i7 t) S Ikill~
Then
Vo Leuip = Vo LkL
at every 0" where Lcyyp is differentiable, namely wherever no sample lies exactly on a clip boundary
wt(l) = 1=+ ¢; this excludes only a measure-zero set, on which Lcyip has a kink.
Proof. Fix a sample (i,t) and write ggi)
surrogate. From (2)) and (3)),

(0") for its per-sample gradient contribution under either
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Under the choice (@), the bracket of gii) (Lk1,) takes two values depending on the index set.

(i, t) S Iin U IpaSS7

and

uf?

Case (i,t) € Tin, U Zpass. The definition (@) gives ﬁt(i) = 0, so the bracket reduces to Af). Hence
) Voo (agz) ‘ Sgl))
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g;” (Lxp) = Af = g\" (Lewp).



Case (i,t) € I The definition (@) gives ﬁgi) = —wt(i)/lgi). The bracket evaluates to

(2) (1) 4(8)
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where the cancellation uses wt(i) > 0 (since g/ (agi) | sgz)) > 0 and g (agi) | sgl)) > 0 for any

sampled action). Therefore

9" (LxL) = 0 = 9" (Lewp)-

The per-sample contributions agree on every (i, t), so the two batch gradients agree:

| N oA | NoH
Vo Lcrip = NZX}Q,@ (LcLIP) = sz;g,gl)(ﬁKL) = Vo LkL.
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3.5 Interpretation

Figurereads the equivalence row by row: for each combination of wt(i) and A,E“, the PPO-Clip
gradient and the value of ﬁt(z) that reproduces it under the KL surrogate are listed side by side.

Region PPO-Clip gradient Equivalent 3,
w® € [1—¢, 1+ AW 7 B =0
w > 1+4e, AV >0 0 (killed) B = —w(" A
wl > 146 A <0 AP Vwl” Be =0
wii) < l—e, /1,(;) >0 AE” th(i) B =0
W <1, AP <0 0 (killed) Br = —w A

Figure 1: Summary of the per-sample equivalence. In the green rows the PPO-Clip gradient is
reproduced by a PPO-KL surrogate with 3; = 0. In the red rows the PPO-Clip gradient is reproduced
by a PPO-KL surrogate with 3; = —w; Ay, which is the value that kills the corresponding term of the
per-sample gradient.

The coefficient (@) makes explicit what PPO-Clip implicitly applies. The clip is a Kullback-Leibler
penalty whose strength is zero everywhere except on the killed region, where it takes the value
—w,gi)jl,gi). The sign of the coefficient is consistent with the trust-region intuition. When Af) >0
and wii) > 1+ ¢, the policy is already over-weighting a beneficial action, and a negative Bt(i) pulls
log g, away from the current direction; when Aﬁ“ < 0and wgi) < 1 — ¢, the policy is already under-
weighting a harmful action, and a positive 5@ stabilises it. In both cases the effective advantage of

the bracket in (3)) is driven exactly to zero, reproducing the clip’s behaviour.

The identity in Theorem [I]is stronger than the first-order observation of Schulman et al. [15] that
Lcyrp and the unclipped surrogate agree around w = 1. It holds at every ¢ off the clip boundary,
every minibatch step, and across the entire inner loop. Two closely related lines of recent work
have approached the clip and the KL term from related but distinct angles: Liu et al. [10] establish
a gradient equivalence between three KL estimators inside RLHF objectives, and Zhang et al. [24]
propose a unified design framework for KL-regularised policy gradient. Neither identifies the
per-sample coefficient (@) that turns PPO-Clip itself into a KL penalty.



4 Experiments

4.1 Setup

We evaluate four objectives that share the surrogate of Section [2]and differ only in the policy loss.
These are PPO-Clip, fixed-3 PPO-KL, adaptive-3 PPO-KL, and the per-sample PPO-KL of (@); the
first three are the variants of Schulman et al. [15] and the fourth is the construction of Section 3
We train each on the five MuJoCo locomotion tasks [20] HalfCheetah-v4, Hopper-v4, Walker2d-v4,
Ant-v4, and Humanoid-v4 for 10° environment steps over five seeds, and include CartPole-v1 and
LunarLander-v3 as a low-dimensional and a discrete-action check.

All four variants share the trainer, the rollout collector, and the value head, and use the standard PPO
configuration of CleanRL [7]] and Stable-Baselines3 [[12]. This configuration is a two-hidden-layer
(64-64, tanh) actor-critic with orthogonal initialisation and a diagonal Gaussian policy, GAE [[14]
with v = 0.99 and A = 0.95, Adam at 3 - 10~* with linear annealing, gradient clipping at norm
0.5, value-loss clipping at 0.2, observation and reward normalisation, and an inner loop of K = 10
epochs over size-64 minibatches of each 2048-step rollout.

The variants differ in the trust-region knob. PPO-Clip uses ¢ = 0.2, fixed-8 PPO-KL uses g = 1,
and adaptive-3 PPO-KL follows Schulman et al. [15], updating /5 once per rollout by a factor
of two toward a target Dky, = 0.02, the second-order KL €2/2 of the clip radius. The fixed
and adaptive variants penalise the analytic Gaussian KL, while the per-sample variant penalises
the sampled log-ratio — log wt(z), the estimator for which Theorem |1 holds. A knob sweep on
CartPole-v1, HalfCheetah-v4, and Hopper-v4 over € € {0.1,0.2,0.3}, 8 € {0.1,0.3,1, 3,10}, and
Dxr, € {0.003,0.01,0.02,0.03,0.1} fixes each baseline at its best value.

All public run histories and per-run reproducibility artifacts are available in the Weights & Biases
project athttps://wandb.ai/KLip-PP0/KLip-PPO.

4.2 Results

By Theorem I} PPO-Clip and the per-sample PPO-KL surrogate share a gradient at every step. Their
learning curves coincide on all five MuJoCo tasks (Figure [2), and their final returns agree on every
task (Table[2). Schulman et al. [15] showed only that the clipped objective and the unclipped surrogate
(8 = 0) agree to first order when the new policy is close to the one that collected the rollout. The
per-sample identity is sharper, because with the coefficient 3; of (@) in place the equality becomes
exact and holds at every 6, which is why the curves stay together over the whole run, however far
training moves the policy.

The literature has consistently found clipping to outperform a KL penalty on continuous control.
The original PPO study reports this on MuJoCo [15]], and subsequent benchmarks repeat it [[1} 4]].
Our experiments reproduce the same ordering. PPO-KL with a fixed or an adaptively tuned
matches PPO-Clip on the easier tasks but falls behind on the high-dimensional ones (Ant-v4 and
Humanoid-v4), where the policy must travel far from its initialisation and the trust region does real
work.

The per-sample identity explains the shortfall. Clipping constrains each sample on its own terms,
turning the penalty on only for the transitions whose ratio has left the band and scaling it by that
sample’s ratio and advantage. The scalar 5 of PPO-KL, fixed or adaptive, instead applies one value
to every sample, so a 3 large enough to restrain the few runaway transitions over-penalises the many
well-behaved ones, and no single value reproduces what the clip does pointwise [6]. The per-sample
coefficient of (@) removes that limitation, setting the penalty separately for each sample, and so
reproduces the clip exactly.

5 Discussion

Theorem [[] makes PPO-Clip’s per-sample gradient exactly the gradient of a Kullback—Leibler penalty,
Vg LecLip = Vg Et[tht + Bt log 7T0'(Clt | St) ]7 B = — tht 1[(i, t) € Ikill] )

whose coefficient is set for each sample by its own importance ratio and advantage. The clip is in
this sense a trust region acting in the space of policy distributions, applied to the samples in Zy;; that
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Figure 2: Episode return on the five MuJoCo tasks (mean over 5 seeds, + std band). PPO-Clip and
per-sample PPO-KL are indistinguishable on every task, while the fixed- and adaptive-3 penalties
fall behind on Ant-v4 (d) and Humanoid-v4 (e).

Task PPO-Clip  Per-sample Fixed Adaptive 8
Ant 2193 + 361 2193 4+ 361 16 4+ 16 159 + 86
CartPole 478 +£ 18 478 +£ 18 484 + 23 492 +9
HalfCheetah 1955 + 312 1955+ 312 2111 +1066 2207 + 1117
Hopper 2598 £ 278 2598 +£278 2616 £208 2236 £ 365
Humanoid 660 £ 70 660 £ 70 342 4+ 31 553 + 22
LunarLander 107 £ 8 107 £ 8 121 £12 125 £ 20
Walker2d 37174425 3717+£425 3995 +402 3639 £+ 374

Table 2: Final return (mean =+ std over 5 seeds, last 10% of training). PPO-Clip and per-sample
PPO-KL are identical on every task; the scalar-/3 variants fall behind on the high-dimensional tasks.

it would otherwise discard. We show in Appendix [A] that the same identity has a matching form in
importance-weight space, so the clipped objective (I), the weight-space penalty, and the per-sample
KL penalty are three equivalent expressions of a single per-sample gradient.

This reading has two consequences. First, it makes precise a question the field has answered
only empirically. Clipping and KL penalisation have been compared through benchmark scores
[} 141 |6} 181 115 [17]], with no theory relating the two objectives. The identity reframes that comparison.
Since clipping is itself a KL penalty, the methods here differ only in how they set the penalty’s
coefficient. PPO-KL uses one scalar /3 for the whole batch, while PPO-Clip, by Theorem [I} uses the
per-sample 3; of {@). The benchmark gap read as clipping versus KL is thus a gap between a scalar
and a per-sample coefficient, which is where our experiments locate it. Second, it gives the penalty a
flexibility the clipped form hides. Once f; is written out, its step shape is one choice among many,
and replacing it with another, such as one that softens the boundary or that varies with the individual
sample, stays within the same surrogate family and defines new algorithms (Section [)).

What governs the update is therefore the per-sample gradient coefficient and not the surface choice
between a clip and a KL term, a principle that recent analyses of KL regularisation in language-model
training independently corroborate. Liu et al. [L0] find that a KL term written as a loss and its
associated per-sample reward coefficient induce the same gradient, and Zhang et al. [24]] report that
clipped and KL objectives agree once their per-sample importance weights are aligned. Neither



isolates the exact coefficient 5, = —w; A, that makes PPO-Clip itself a KL penalty, which is the
identity established here; that their gradient-level findings point the same way is evidence that the
per-sample view this identity rests on is the correct one.

6 Future work

The per-sample reformulation turns the implicit penalty coefficient Bti) of PPO-Clip into an explicit
object. Its functional form, a step function on the trust-region boundary in the present case, can be
modified by design without leaving the surrogate-loss family of Section 2] We outline five extensions

that follow from making different choices for 650. Each defines a new policy-optimisation algorithm
and is left as the subject of a separate study.

Soft relaxations of the boundary. The coefficient defined in (@) is discontinuous at wt(l) =1lxe
Several proposals in the literature soften this discontinuity from different angles. Trust Region-Guided
PPO [21]] keeps the hard clip but lets its width depend on the local KL of the policy. Truly PPO [22]
keeps the clip and adds a rollback term that drags the policy back when the ratio exits the trust region.
ESPO [17] removes ratio clipping altogether and controls the inner loop by early stopping. Simple
Policy Optimization [23] substitutes clipping with a regulariser on the ratio that admits a tighter trust
region. Probability Smoothing Policy Optimisation [3]], in the language-model setting, replaces the
hard ratio with a soft mixture of old and new policies so that the gradient is non-zero everywhere.

The per-sample form unifies these proposals under one quantity: each is a choice of ﬁfi) in the template

E,] wi Ay + B log mer (ar | s¢) ], with the soft variants replacing the step of (@) by a continuous shape
that agrees with it far inside and far outside the trust region. The linear ramp of width § > 0, which

interpolates between 0 and —w,ﬁ”/i,@ across the boundary, is one explicit member: it recovers the
PPO-Clip step as § — 0 and the unconstrained surrogate as § — oo. The right shape, as a function of
the task and of the inner-loop epoch count K, is left as an empirical question.

Position-aware coefficient for sequence models. On token-level applications such as language-
model fine-tuning, each sample corresponds to one token of a generated completion. The per-sample

coefficient Bt(i) can then be allowed to depend on the token’s position within the sequence. A
coefficient that is sharper near the answer span and softer in the reasoning prefix, for instance, is a

specific position-conditioned Bt(i) and is not expressible in standard PPO-Clip, which uses the same
trust-region radius for every token. The construction and empirical study of position-aware variants
is a direct use of the framework and is left to follow-up work.

Age-conditioned coefficient for off-policy learning. The trust-region argument behind PPO-Clip
assumes that the rollout was sampled under a behaviour policy close to the current one. With a replay

buffer this assumption fails. The importance ratio wt(l) on a sample drawn from an older policy can be

arbitrarily large, and PPO-Clip discards all such samples by the step coefficient. Letting Bt(z) depend
on the age of the sample at the time of the update, so that older samples are weighted differently from
fresh ones, defines an off-policy variant of the algorithm whose properties can be analysed within the
same formulation. The appropriate functional form of the age dependence, and its interaction with
the bias-variance tradeoff of off-policy estimation, is an open question.

Asymmetric trust regions. The coefficient {@) is symmetric under the swap (wgz) —1)— - (wt(z) —
1), in the sense that the same step shape applies on both sides of the trust region. An asymmetric
variant softens the coefficient on the side that pulls the policy back toward the rollout distribution and
keeps it sharp on the side that pushes it away. This modification is a single change to the per-sample
form and is not expressible inside the original min formulation of Schulman et al. [15]. Its analysis is
a natural follow-up.

A unified per-sample template. The per-sample form is not specific to PPO-Clip. The template

Limpt(0)) = E wiA; + Bilogmer (ar | 1) ] ©)



recovers several existing on-policy algorithms once the dependence of Bt(l) on the sample is specified,
and Table [3] summarises this view. The unconstrained importance-sampled surrogate is the case
B: = 0. PPO-KL with a fixed scalar [15] corresponds to 5; = 8 € R. Adaptive PPO-KL [15]
replaces the constant by a quantity 3(t) that is updated once per rollout according to the measured
KL. PPO-Clip is the per-sample step identified in Theorem [I} Token-level PPO-Clip and GRPO
[2,16] apply the same step independently to each token of a generated sequence. The directions in

this section correspond to making different choices of Bt(i) within the same template.

Algorithm Bgi) form Depends on Reference

Unconstrained surrogate 0 — —

PPO-KL (fixed) B ER none Schulman et al. [15]

PPO-KL (adaptive) B(t) eR training time Schulman et al. [15]

PPO-Clip —wiAy 17, (w, A) Schulman et al. [T3]

Soft-clip (linear ramp) —wi Ay - gs(w, A) (w, A), 8 this paper, Sec.@

Token-level / GRPO step shape per token token (w, A) DeepSeek-Al [2], Shao et al. [16]
Position-aware per-token shape, conditioned on position  position +(w, A) future

Oft-policy per-sample shape, conditioned on age age +(w, A) future

Asymmetric non-symmetric in sign(w — 1) (w, A) future

Table 3: Instances of the per-sample template (3). Each row is a particular choice of the dependence
of Bfl) on the sample; the rest of the loss is shared.

Several research questions follow from the per-sample template. The published algorithms in the
upper part of the table can be trained under identical pipelines and compared on the same metrics,
which isolates the effect of the shape of ,Btz) from the implementation choices that the literature has
shown matter strongly [} 4]. The soft, position-aware, age-conditioned and asymmetric directions
described in the previous paragraphs enrich the arguments of Bfl), and the corresponding algorithms
can be implemented and evaluated inside the same pipeline. On the theory side, the boundedness
and monotone-improvement guarantees available for fixed and scheduled scalars in the original PPO
analysis [9, [13]] have direct analogues at the per-sample level, and characterising which shapes of

Bt(i) preserve them is an open problem. The template also crosses domains: the same form covers

MuJoCo locomotion, language-model fine-tuning [[L1} [16] and off-policy regimes, and Bfi) is the
shared design variable across the three.
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A Weight-space dual: PPO-Clip as a ¢ penalty

The per-sample 3; identity of the main text places PPO-Clip in distribution space: the penalty is
Bt log myr (ay | s¢), a per-sample KL contribution. PPO-Clip also admits a dual formulation in weight
space, where the penalty acts directly on the deviation of w; from the trust region [1 — €, 1 + €].

Theorem 2 (Weight-space form of PPO-Clip). The PPO-Clip objective can be written as

Louw(0) = 1 ii[w%i’” — o(wf, AP)]
with the per-sample weight-space penalty
(w—(1+€)A ifw>1+ecand A>0,
D(w, A) = (w—(lfe))fl ifw<1—ecand A <0,

0 otherwise.

Proof. Fix a sample (i,t¢) and write Egi) = min(wéi)flgi), clip(wt(i))fl,(f)) for its PPO-Clip per-
sample contribution.

Case wgi) > 1+ eand A,Ei) > (. The clipped weight is 1 4 € and the clipped product is smaller than
the unclipped one, so

67 = 1+ 94" = w AP — (wf? - 1+ ) A = wV AP - @(wy?, A).

Case wgi) <1—e€and Aﬁ“ < 0. The clipped weight is 1 — € and again the clipped product is the

smaller, so

£ = (-0 = A0 (ol — (- A = A Bl A

Otherwise. The unclipped term is the minimum, so 4“ = w,gi)fl,gi) = wt(i)/lgi) —0, and the definition
of @ gives ®(w!”, A" = .

Summing over (i, t) yields the result. O

The penalty ® is non-negative on Zy;);: when w > 1 + € and A > 0 the factor w — (14 ¢€) is positive

and so is A; when w < 1 — e and A < 0 both factors are negative and their product is positive again.

PPO-Clip therefore subtracts a non-negative penalty from the unconstrained surrogate, proportional
to how far wgz) exceeds the trust-region boundary, on exactly the samples in Zy;j;.

Combining the weight-space identity above with the per-sample /3, gradient identity of the main text,
PPO-Clip admits three forms on every minibatch, the first two equal in value and the third equal in
gradient:

1. the min formulation of Schulman et al. [15]]:
LCLIP = Et[min(wtflt, Chp(wt)flt)] N
2. the weight-space form of Theorem [}
Loup = ]Et[tht — ®(wy, At)] )

with penalty acting on |w; — 1] in importance-weight space;

3. the per-sample KL form of the main theorem, which matches PPO-Clip in gradient:
Vo Lour = Vo Efw Ay + Bilogme (ar | se)], By = —wi Ay - 1[(i,t) € Tn]
with penalty acting in distribution space.

The first two forms are equal as functions and differ only in surface notation; the third matches them
in per-sample gradient and places PPO-Clip inside the PPO-KL family. The space in which the trust
region is expressed (importance-weight space for ®, distribution space for 3;) changes the notation
but not the per-sample gradient, which is the same in all three forms.
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Form Per-sample loss term Penalty acts in

Reference

min min(wiflt, clip(wt)/li) —
D wi Ay — D(wy, At) importance-weight space

Bt wiAs + Bilog mgr (ar | s;)  distribution space

(LS50

Theorem

main theorem

Table 4: Three forms of the PPO-Clip per-sample loss. All three produce the same per-sample

gradient on every (i,t).
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B Supplementary Figures

This appendix collects supplementary figures that illustrate the geometry of PPO-Clip and PPO-KL
and the per-sample equivalence between them. The notation follows the main text, with w; the
importance ratio, A; the GAE advantage estimate, and Ziy, Ziii, Zpass the partition of the minibatch.

B.1 The clipping function

gradient active
Vor =0

Ty

o

weights free to vary

Figure 3: The clipping function w. = clip(w, 1 — €, 1 + ¢€). Inside the band [1 — €, 1 + €] the clipped
weight equals the true importance ratio and the gradient flows normally; outside the band the clipped
weight is constant and the gradient with respect to 6’ vanishes.

B.2 The PPO-Clip surrogate

objective Positive advantage ( A> 0) objective Negative advantage (.r’i < 0)

min (PPO)

~
.
~
s min (PPO) ~
’ ~
- i
p A
-
; , ; ; , ;

t t t t t t
1—e 1 1+e 1—e 1 1+e

Figure 4: The PPO-Clip surrogate, split by the sign of A. Left panel ([1 > 0): forw > 1+ € the
minimum follows the clipped term, bounding the upside. Right panel (A < 0): forw > 1+ € the
minimum follows the unclipped term, so the penalty grows without bound. The asymmetry between
the two panels is what makes PPO-Clip a one-sided trust region.
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B.3 PPO-Clip flowchart

e Y
Step 1 — Collect Samples
gueses > . Run policy 7g in the er.wironment fpr N ‘trajec}ories of lgngth H )
{rOIN | whereeach ) = (s{? alP #5000
J
: ( ¢ N
: Step 2 — Compute Targets and Fit Value Function
outer lodp Q) (i) () RG]
(once per Targets: y; = (s a;7) + v Ve(siyy)
”emuon? Train critic V5 by regression on {(sff)7 yi”)}
H J
' \
: Step 3 — Estimate Advantages (GAE)
H oo
: i i o i 0 i NG f—t (i
; 80 = )+ Vs = Vo). AGhp, = (N7 TNe)
: t/'=t
. J
, ! \
Step 4 — Initialize Inner Loop
: Set @’ < 6. Pre-compute and store ﬂg(agi) | s?')) for all samples
inner loo:_p -
(K gradiént ¢
steps) = s p
: Step 5 — Gradient Step on the Clipped Surrogate
i N H ORINO)
: 1 3 (i . s
: Lowp(0) = = 323 min M AW clip(wi”, 1—e, 1+e) AW
: N i=1t= s (atl) | s 1>)
w®
Update: 4 < 0 + aVG/ Lcrip (9/)

|

repeated K times ?

Figure 5: PPO-Clip. The outer loop collects rollouts and fits the critic; the inner loop takes K gradient
steps on the clipped surrogate Lcrp before refreshing the behaviour policy.
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B.4 PPO-KL flowchart

outer loop
(once per
iteration)

inner loop
(K gradient
steps)

p
Step 1 — Collect Samples
- Run policy 7y in the environment for N trajectories of length H:
{rN | where each () (ng,)’ agq'),rgl), ce s(l)7 a(};), %))
.
) v
Step 2 — Compute Targets
(i) _ (i) (@) V., (s(®
Y = r(s; 7 a,’) + v ¢(5t+1)
) v
Step 3 — Fit Value Function
N H
Train critic V, by regression: ¢ < ¢ — agVertg > > (Ve sy — y{)?
i=1t=1
‘ !
Step 4 — Estimate Advantages (GAE)
oo
) I
50 = )+ Vs = Vel Ak, = DN 8
t/=t
) v
Step 5 — Initialize Inner Loop
Set @’ <« 0. Pre-compute and store ‘n-g(agi) | sii)) for all samples
) v
Step 6 — Gradient Step on the KL-Penalised Objective
N H @) )
1 s ) )
Lxn(®) = = Torla 18D 400 4 glogmy () | 5$)
N - @) )y : :
i=1t=1 L T (at ‘ S )
Update: 6’ — 0 4+ aVyLkn(9)
Step 7 — Dual Variable Update
B <« B + ag(Dxr(mgllmgr) — €) (Dk1, >
€ =-increase 8; D1, < € = decrease [3)
.

v

L

Step 8 — Adopt New Policy
0 — 0’

Figure 6: PPO-KL. The objective is the unclipped importance-weighted advantage plus a KL penalty
with a scalar coefficient 3; after the inner loop S is adjusted by a dual gradient step that targets a

desired KL.
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B.5 Effective gradient multiplier as a function of w

PPO-Clip PPO-KL (scalar 3)

effective gradient effective gradient

= inside TR

A
Y

killed A > 0: killed

A < 0: active

[1—€, 14€] effective trust region

Figure 7: Per-sample effective gradient multiplier as a function of the importance ratio w. Left:
PPO-Clip is a hard step. The multiplier equals A inside [1 —€,1+ €] andon Tpass» and zero on Zy;.
Right: a scalar PPO-KL produces the smooth curve A+p Jw (the asymptote is A). The two coincide
inside the trust region; outside, PPO-Clip is a step function while scalar PPO-KL is a smooth one.
The per-sample 3; construction of the main text is the choice that recovers the step function.

B.6 Morphing from scalar to per-sample 3

(c) per-sample 3, = —wA 1z,

mult = PPO-Clip

|
!
!
|
! killed
1

1 1+e

Figure 8: Morphing from scalar to per-sample /3, shown for the case A > 0. (a) A constant scalar 3
produces the smooth curve A+ B/w, which can never coincide with the PPO-Clip step. (b) Letting
[ adapt in time but stay scalar shifts the curve along its family but cannot reshape it. (c) Letting 3
become per-sample, with 3; = fwt/lt exactly on Zy;); and zero elsewhere, snaps the curve onto the
PPO-Clip step function. The clip is the per-sample limit of the KL surrogate; scalar penalties never
reach it.
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B.7 The §; map in the (w, A) plane

Ipass

Bt =10

B0 B = —wA <0

Bt - —wA >0

Figure 9: The $3; landscape in (w, A) space. Vertical dashed lines mark the trust region [1 — ¢, 1 + €].
Two corners (top- rlght w>1+e, A > 0 and bottom-left w < 1 — €, A <0) carry the per-sample

coefficient 8; = —wA, with shading indicating |3;|. Everywhere else 3; = 0. The support and value
of f3; reproduce the PPO-Clip gradient sample by sample.

—
B L e it
a
[
—
e e e
a

B.8 The same per-sample gradient via two surrogates

[ sample (s¢, at, Ay, wy) ]
PPO-Clip per-sample term per-sample KL term
Z,«ICLIP = min(tht7 chp(wt)/it) KL = tht + ﬂt log 776’(at ‘ St)
Vs Vs with By = —w Ay 17,
A A
_ AVew if (i,t) € Tin U Tpass,
= o if (i,1) € T

Figure 10: The per-sample gradient under the two surrogates. The same sample feeds both per-sample
terms; differentiating each in 6’ yields the same g;. PPO-Clip selects the active branch of the min

to kill the gradient on Zy); the per-sample KL surrogate sets 3, = —wt/lt on Zy;;; and O elsewhere,
which makes the bracket A; + ;/w; vanish on those samples.
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C Supplementary experimental results

C.1 Per-task equivalence

Figure [T1] reports PPO-Clip and the per-sample PPO-KL surrogate on each of the seven tasks
separately, namely CartPole-v1, LunarLander-v3, Hopper-v4, HalfCheetah-v4, Walker2d-v4, Ant-v4,
and Humanoid-v4. The two are indistinguishable on every environment. Each curve is a mean over 5
seeds with a =+ std band.

PPO-Clip per-sample KL PPO-Clip per-sample KL
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€ €
2 400 1 2
[ g o 1
) o
g g
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0 20000 40000 60000 80000100000 O 20000 40000 60000 80000 100000 00 02 04 06 08 1.0 00 02 04 06 08 10
environment step environment step environment step le6 environment step le6
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PPO-Clip per-sample KL PPO-Clip per-sample KL
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(c) Hopper-v4 (d) HalfCheetah-v4
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-
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S
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(g) Humanoid-v4

Figure 11: PPO-Clip and per-sample PPO-KL on each task, mean over 5 seeds with a =+ std band.
The two coincide on every environment.

C.2 Trust-region knob sweeps

To place each scalar-/3 baseline at a defensible operating point we sweep the trust-region knob of
each variant; the main-text baselines use the best value of each knob.



3000 1 3000 B~ CartPole
3000 - ¥~ HalfCheetah
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Figure 12: Final return (mean = standard error over 5 seeds) on CartPole-v1, HalfCheetah-v4, and
Hopper-v4 as a function of each trust-region knob: clip e for PPO-Clip, fixed 8 for PPO-KL, and the
KL target for adaptive PPO-KL.

C.3 Clipping partition

FigurelT_3| shows, for PPO-Clip, the fraction of each minibatch that falls in Zy;y; and 7, over training.
This is the empirical view of the partition on which the identity rests: the penalty (3; is non-zero only
on Zyy, and its reach grows with task difficulty, exceeding half the batch on Humanoid-v4.
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Figure 13: Fraction of the PPO-Clip minibatch in Zisi and 7y, Over training (mean over 5 seeds, &
std band). The per-sample coefficient 5; acts only on Zy;.

C.4 Per-sample coefficient

Figure[T4] plots the per-sample coefficient 3, over training for the per-sample variant. Its median is
zero, since most samples lie outside Zy;);, while the tails carry the active penalty —w; A; and widen
on the harder tasks.
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Figure 14: Per-sample coefficient /3; over training for the per-sample variant. The median is zero
because (3; vanishes on every sample outside the kill region; the shaded bands show how far the active

coefficient —wy flt reaches on the samples in Zy;;;, widening on the high-dimensional tasks.
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